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Engineering Transition Prediction for a Hypersonic
Axisymmetric Boundary Layer

J. Stilla*
DLR—German Aerospace Research Establishment, 38108 Braunschweig, Germany

The hypersonic flow over a blunt, slender cone at M., = 8 and & = 0 deg is investigated from an engineering
point of view. Therefore, the steady, laminar mean flow is efficiently computed by means of an Euler/boundary-
layer method that includes second-order boundary-layer theory. Transition prediction is done using local, linear
stability theory together with the ¢V method. Mean flow, stability results, and transition location are in good
agreement with those of other theoretical studies using Navier-Stokes mean-flow solutions. Results of a sensitivity
study show the importance of viscous-inviscid interaction and entropy-layer resolution, whereas the use of

different viscosity laws had less effect than expected.

Nomenclature

disturbance amplitude

streamwise length along body surface, m
second derivative of T, K/m?

internal energy
frequency, kHz
body length, m
Blasius length, V/(vb)/u, m

Mach number

N factor

Prandtl number

static pressure

gas constant for air, 287 J/(kg K)

local Reynolds number based on outer-edge
condition and b, (u.b)/v,

local Reynolds number based on freestream
condition and /, (u.l. ).

Reynolds number based on freestream condition
and RN, (u..RN)v,

nosetip radius, m

entropy, J/(kg K)

temperature, K

velocity components in x‘ direction

curvilinear coordinates

angle of attack, deg

spatial amplification rate, 1/m

boundary-layer thickness

displacement thickness

perturbation parameter

cone half angle, deg

dynamic viscosity, kg/(m s)

density, kg/m?

kinematic viscosity, m?/s

wave angle, deg
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Subscripts
e =
inv
ref
trans

boundary-layer outer-edge condition
inviscid solution

reference condition

transition location
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wall = wall condition

0 = start of integration path
1 = end of integration path
o0 = freestream condition

Introduction

OR the design of future hypersonic aerospace planes the

estimation of maximum heat loads plays an important
role. It especially depends on boundary-layer transition for
which engineering tools are required. At the present time an
estimation of transition location in hypersonic flow still has
to rely on either empirical correlations based on mean-flow
properties, or on local, linear stability analysis in conjunction
with the e¥ method. In any case, a laminar, steady mean flow
has to be computed.

Each modification of the design requires repeated transition
prediction and, therefore, repeated computation of laminar,
steady mean flows. Because solutions of the full Navier-Stokes
equations are very time consuming, and therefore expensive,
one has to choose an appropriate approximation of these
equations. Two common approximations are the parabolized
Navier-Stokes equations (PNS) and the thin-layer Navier-Stokes
equations (TLNS). Even solutions of these sets of equations
have the disadvantage of large CPU-time requirements.
Therefore, having engineering demands in mind, an Euler/
boundary-layer model including second-order boundary-layer
theory may be a suitable alternative.'? Such an approach is
used in the work presented here.

Thus far, local, linear stability theory in conjunction with
the eV method for transition prediction has been extensively
used for the wing design of civil transport aircrafts, or for the
development of laminar flow control techniques.? Therefore,
it was decided to utilize this method for investigations in hy-
personic flow as well. In contrast to sub- and transonic flow,
this approach has not yet been sufficiently validated. The
problem is that there are not many hypersonic experiments
conducted in “quiet” wind tunnels. In addition, transition
mechanisms in hypersonic flow are not known in detail.

As the test configuration, a blunt, slender cone at M, = 8
and o = 0 deg has been chosen. For this configuration both
experimental and theoretical references are available for com-
parison.*~7 All theoretical stability results known in the lit-
erature are based on Navier-Stokes mean flows and local,
linear stability theory.

The objective of the work presented here is to investigate
whether stability and transition computations based on an
Euler/boundary-layer mean flow lead, at significantly less cost,
to results comparable to those based on Navier-Stokes solvers.
In this context the sensitivity of mean flow, stability, and
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transition computation to parameters like viscous-inviscid in-
teraction, entropy-layer resolution, and the utilized viscosity
law is of interest also.

Euler/Boundary-Layer Model

The model used here solves the second-order boundary-
layer equations. Solutions of this set of equations can be re-
garded as classical boundary-layer solutions corrected so that
wall curvature, viscous-inviscid interaction, and wall-normal
inviscid flow gradients are taken into account. The set of
second-order boundary-layer equations can be derived by an
order-of-magnitude analysis of the Navier-Stokes equations,
or by the ““matched asymptotic expansion” approach.'>#

The latter has the advantage of providing information con-
cerning boundary conditions and defining the sequence of
Euler and boundary-layer calculations. The flowfield is di-
vided into an inner viscous and an outer inviscid domain. In
both, asymptotic expansions of the Navier-Stokes solution in
terms of a small £, which is proportional to 1V Re, are
made.

Substituting these expansions into the Navier-Stokes equa-
tions and retaining terms of order G(1) lead to the classical
boundary-layer equations of Prandtl in the inner domain, and
the Euler equations in the outer domain, both with their well-
known boundary conditions.

Keeping terms up to O(e) leads to inviscid perturbation
equations valid in the outer domain, which can be rewritten
as Euler equations. Matching of the inner viscous flow to the
outer inviscid flow reveals that this perturbation takes into
account the displacement effect of the first-order boundary
layer. This is done by changing the wail boundary condition.
Instead of the classical Euler wall boundary condition
[(ViDwar = 0], an outflow condition is used [(p; Vin)wan F
0]. It is calculated so that the displacement surface becomes
a stream surface of the Euler solution. The source is propor-
tional to the first derivative in the x! direction of the boundary-
layer mass-flow deficit.®*-'* In two-dimensional, first-order
boundary-layer flow the source is computed as

5 d ? 5
(pillvvi:IV)Wllll = @ I:J:) (pianilnv - pvl) dxj:l (1)

Equation (1) written in terms of 8, leads to

. d
(PinVinw)war = @ (PinVinn01) (2)

In the inner domain terms of O(¢) lead to viscous pertur-
bation equations that can be rewritten as the so-called second-
order boundary-layer equations. Curvature terms are explic-
itly included and the momentum equation in the wall-normal
direction does not vanish. Matching of the inner viscous flow
to the outer inviscid flow results in new boundary-layer edge
conditions. The inner viscous flow is patched to the outer
inviscid flow at &:

vi(x', x2, 8) = vl (x', x% &)

v(x!, x2, 8) = v (x', x3, &)
3)
p(xl’ xz* 6) = pinv(xlv xl’ 6)

e(x!, x2, 0) = e, (x', x%, §)

These ““patching conditions” take into account not only in-
viscid flow gradients within the boundary layer, but also vor-
ticity gradients and changes of the inviscid flow from first- to
second-order.”

With the preceding in mind, it follows that for solving sec-
ond-order boundary-layer equations including the displace-
ment effect, one needs the perturbed Euler solution. This is
only available in conjunction with a first-order boundary-layer

calculation that provides the source distribution. For that pur-
pose inviscid wall values of an unperturbed Euler solution are
needed. In this work the sequence of computations is called
EUBL. It is as follows:

1) EUL1: Solution of Euler equations with

Piodwan = 0 4)
2) BL1: First-order boundary-layer calculation

3) EUL2: Solution of Euler equations with

[pinvv?nv]wul] :# 0 (5)
4) BL2: Second-order boundary-layer calculation.

EUBL—Euler Solver

For the computation of the inviscid solutions EULI and
EUL2, the program CEVCATS is used.!! CEVCATS solves
the unsteady, three-dimensional Euler equations written in
integral form using the finite-volume approach. Central dis-
cretization for convective flux approximation, in conjunction
with a dissipative operator including a blend of second and
fourth differences, is used. On smooth meshes the discreti-
zation error is of second-order accuracy. Near shocks, the
accuracy is switched locally to first-order due to numerical
dissipation. The classical Euler wall boundary condition has
been changed such that, if necessary, wall-normal velocity
components are allowed.

Integration in time of the resulting system of ordinary dif-
ferential equations is performed by means of an explicit Runge-
Kutta scheme.

For the purpose of CPU efficiency, local time stepping and
implicit residual damping are used. In supersonic flow regimes
a space-marching version of CEVCATS is used. CEVCATS
is written in block structured form.

Although the test flow is axisymmetric, the three-dimen-
sional version of CEVCATS is used. This makes it possible
to get a feeling for CPU-time requirements that can be ex-
pected for more general flow cases in the future.

EUBL-—Boundary-Layer Solver

For computing the boundary-layer solutions BL1 and BL2,
the program SOBOL is used.*!* SOBOL solves the three-
dimensional, compressible, second-order boundary-layer
equations formulated in surface oriented locally monoclinic
coordinates. x', x* are locally parallel to the surface, x* is
rectilinear and normal to it.

In the first-order boundary-layer mode, curvature effects
are neglected and the classical outer-edge boundary condition
is used.

In the second-order boundary-layer mode, curvature terms
are explicitly included in the equations. Furthermore, second-
order patching conditions (3) are used as outer-edge bound-
ary-layer conditions.

SOBOL solves the second-order boundary-layer equations
using a finite difference method. Either the zig-zag, the rec-
tangular, or the double zig-zag scheme is used, depending on
criteria for stability and efficiency. Discretization of the equa-
tions is of second-order accuracy. Space-marching in both
wall-parallel directions reveals the method as implicit only in
wall-normal direction. Therefore, a nonlinear algebraic sys-
tem of equations is solved for each of the wall normals. This
procedure has the advantage that numerical problems at one
wall-normal do not necessarily lead to a breakdown of the
whole solution process. It can be continued neglecting only
that special wall-normal. Computation of 8 is part of the it-
erative solution process of the system of equations.

Viscosity is computed by means of the dimensionless Suth-
erland law or by means of a composite law. For the latter it
depends on T, and the local temperature within the boundary
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layer, which combination of a dimensional linear law and the
dimensional Sutherland law is employed to calculate dimen-
sionless viscosity. For low temperatures the following dimen-
sional, linear law is used':

p = 0.693873 x 10°7-T T <1104 K (6)

As initial solution a generalized stagnation point solution ap-
plied at each station of the starting interval is used.

Stability and Transition Prediction

For computing the stability behavior the program COS-
MET is used.'> COSMET solves the linear stability equations
of compressible, parallel, three-dimensional flow along curved
surfaces. These equations are derived from the tensor-ana-
lytical form of the Navier-Stokes equations formulated in or-
thogonal, curvilinear coordinates. The flow is split into a steady
mean flow and an unsteady disturbance. In addition, the so-
called parallel-flow assumption is made. It states that mean
flow derivatives are only taken into account in wall-normal
direction. Therefore, the history of the flow is neglected. In
addition, the wall-normal velocity component within the
boundary layer is assumed to be zero. Perturbations are as-
sumed as single, normal modes.

The assumptions are substituted into the Navier-Stokes
equations, and nonlinear terms are neglected. Finally, an or-
der-of-magnitude analysis is made where only terms of larger
order than G(Re ~'?) are retained. The procedure leads to a
system of five coupled, ordinary differential equations of eighth
order.

The approach in COSMET is a so-called local boundary-
value method. The equations are discretized by means of a
Chebyshev-collocation method and solved employing LU-de-
composition and Gauss elimination. COSMET is capable of
calculating temporal as well as spatial eigenvalues. Further-
more, several strategies to compute N factors are imple-
mented.*'?

Second-mode waves are most unstable as two-dimensional
waves. In other words, for second-mode waves, ¥ plays no
role. In the special case of an axisymmetric mean flow the
waves are most amplified if the crests propagate in x' direc-
tion. Therefore, N-factor calculation reduces to

A, "y
N = max, | | — = max, —f a; dx! (7)
) A, ! ey

In COSMET the same viscosity laws are used as in SOBOL.

Geometry, Grid and Conditions

Table 1 summarizes important geometry data. Figure 1 shows
parts of the grid used for Euler calculations. The grid size is
161/41/31 points in #/j/k direction. Twenty-one grid points were
used to discretize the nose in i direction. In the / and j direction
a linear stretching of the grid spacing was introduced. The
reason for doing this in the i direction is efficiency, whereas
the reason in the j direction is as follows. Inviscid super- and
hypersonic flows around blunt configurations are mainly char-
acterized by the detached shock wave in front of the body.
Within the shock layer the entropy is constant along stream-
lines (e.g., the body), but varies from one streamline to an-
other due to shock curvature. This leads to the so-called en-
tropy layer that may be swallowed by the boundary layer far
downstream. To resolve this thin entropy layer one has to
provide for a sufficient number of grid points near the wall.
For computing the far field, Billig’s correlation was used.!?

Table 1 Geometry

Nose shape RN RN/L
0.00381 0.00375

@

~

Spherical

Table 2 Calculation of Re. using different viscosity laws

Dimensional

viscosity law T. M. X 10° p. Re.,
Sutherland 54.348 3.55153 0.02653 33,641
Linear 54.348 3.77106 0.02653 31,683

Table 3 Condition for EUBL mean-flow calculation

Dimensionless
viscosity law M., T. 0. Re., Pr

Sutherland 8 54.348 0.02463 31,250 0.72

\\\\\\\\\\\\\\\\\\
T

AN

=
ZZ=

AN
A

Fig. 1 Test configuration, Euler grid.

All boundary-layer calculations have been conducted with
121 points in wall-normal direction using the Euler surface
grid.

SOBOL needs dimensional reference conditions as input
for computing the Reynolds number Re, . Calculating Re,
using experimental test conditions and Sutherland’s law leads
to a 7% larger Reynolds number than the experimental value
of 31,250.* The reason is that Sutherland’s law is not suitable
for extremely low temperatures like 7. = 54.348 K. Using
the linear viscosity law (6) the difference is only about 1%
(see Table 2).

However, both Esfahanian and Kufner used the dimen-
sionless Sutherland law. To be able to compare with their
results this law is valid for all results presented here, with the
exception of case 3 of the sensitivity study. To keep Re.,. =
31,250, p,.; was adjusted. Table 3 summarizes the conditions.
The values of M., T., Re.., and Pr are used in Refs. 5 and 7
as well.

Results and Discussion
EUBL Mean-Flow Results

Figures 2a and 2b show second-order temperature profiles
and their second derivatives at /RN = 17.8. Both are in very
good agreement with Kufner’s solution. At 5/RN = 175, small
differences exist between Kufner’s and Esfahanian’s solution,
as well as compared to the EUBL result. All three calculations
predict the same maximum of second derivative, but at slightly
different locations in wall-normal direction (Figs. 3a and 3b).
Re, , predicted by EUBL deviates from Re, ., predicted by
the experiment of Stetson et al.* roughly 3%.

About 1 h CPU-time on a Cray Y-MP was necessary to
compute the EUBL calculation presented here. CEVCATS
is able to run in the TLNS mode also. EUBL would be at
least seven times as fast as the three-dimensional TLNS code.
This estimate relies on known CPU-time requirements per
time step and grid point for the TLNS mode and on a Navier-
Stokes grid containing 161/101/31 points in i/j/k-directions.
Furthermore, the Euler convergence rate is assumed.
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Fig. 2 a) Temperature profile, comparison with references, b/RN. =

17.88 and b) second derivative of temperature profile, comparison
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Fig. 3 a) Temperature profile, comparison with references, /RN =
175.03 and b) second derivative of temperature profile, comparison
with references, /RN = 175.03.

EUBL-Based Stability Results

Figure 4 shows spatial amplification rates of two-dimen-
sional, second-mode waves at b/RN = 175 as a function of
frequency. The amplification on the basis of EUBL mean-
flow calculations is in qualitative agreement with those of
Esfahanian,” Malik et al.,® and Kufner.” EUBL-based stability
results predict the same large differences between theory and
experiment already shown in the references, which may be
due to nonlinear effects.'* Although all theoretical results are
qualitatively similar, differences remain. The maximum am-
plification rate is somewhat lower than Esfahanian’s, and ap-
proximately 7% higher compared to the result of Malik et al.
The frequency of the maximum amplification rate is in good
agreement with the result of Esfahanian, and differs from the
result of Malik et al. by less than 5%.

The differences between the EUBL-based and Kufner’s
results are caused by mean-flow differences, because in both
cases COSMET was used. The difference compared to the
result of Esfahanian might be caused by both different mean
flows and different stability codes. Therefore, spatial ampli-
fication rates for Esfahanian’s mean flow at b/RN = 175 were
calculated with COSMET. Figure 5 shows that COSMET
calculated the same result as Esfahanian’s stability code. Again,
differences in stability behavior are caused by different mean
flows. In the case of the result of Malik et al. it could not be
clarified whether different mean flows or different stability
codes are responsible for the differences, because there re-
mained some uncertainties concerning Prandtl number and
viscosity law used in Ref. 6.

Figure 6 shows curves of spatial amplification rate over
Re, ... Along each curve f is held constant. Curves for fre-
quencies from 100 to 150 kHz and Malik’s curve of maximum
amplification are shown. Differences compared to EUBL-
based stability results are about 10%. Figure 7 shows results

0.004

6 0.003

_q*

0.002

0.001

75 100 f 125 150

Fig. 4 Spatial amplification rates, second mode, ¥ = 0, comparison
with references, /RN = 175.03.
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Fig. 5 Spatial amplification rates, second mode, ¥ = 0, influence
of different stability codes.
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Fig. 6 f = const curves of spatial amplification, second mode, ¥ =
0, comparison with references.
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Fig. 7 Transition location, second mode, ¥ = 0, comparison with
references.

of N factor calculations. Up to N factors of 6 the envelope is
in good agreement with the result of Malik et al.

Malik et al. also investigated the stability behavior of a
sharp-cone boundary layer at M., = 8§ and @ = 0 deg. Com-
paring these results with the experimental data of Stetson et
al.,* N = 5.5 was found. Since the blunt cone experiments
were conducted in the same wind tunnel, N = 5.5 was also
assumed in this case. Transition took place at Re,, = 2800
(Re.. = 11 x 10°).¢ Using the same N factor, EUBL-based
results lead to the same transition location. The frequency
range of interest around N = 5.5 corresponds to Malik’s result
and is between 120-130 kHz.

In contrast to the differences concerning spatial amplifi-
cation, the computed transition location differs from the es-
timate of Stetson (Re,, = 13 x 10°) by only about 15%. In
this context it should be emphasized that Stetson’s estimate
relies on experiences from experiments in which bluntness
effects on transition location were studied (not the effects on
stability behavior).

Sensitivity
Cuse [: Effect of Viscous-Inviscid Interaction

To compute a second-order . boundary layer neglecting vis-
cous-inviscid interaction, EUBL reduces to a two-step method,
consisting of EUL1 and BL2. Figure 8 shows the result com-
pared to the complete EUBL result at b/RN = 175. The
profile without displacement effect is more unstable for fre-
quencies higher than 120 kHz (see Fig. 9). The higher the
frequencies are, the larger the percentage difference is. This
tendency is confirmed when looking at differences between
constant frequency curves of spatial amplification (see Fig.
10). In the lower frequency range between 110-125 kHz,
differences of about 10% exist only far downstream. Com-
paring curves of higher frequencies leads to differences of the
order 100% over the whole range of Re, ., (e.g., f = 150).
However, Fig. 11 shows that the difference in transition lo-

x°*/IRN

0.00 i . L )

25 50 75 100
T

©

Fig. 8 Temperature profile, case 1: Effect of viscous-inviscid inter-
action, b/RN = 175.03.
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Fig. 9 Spatial amplification rates, second mode, ¥ = 0, case I: effect
of viscous-inviscid interaction, »/RN = 175.
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Fig. 10 f = const curves of spatial amplification, second mode, ¥
= 0, case 1: effect of viscous-inviscid interaction.

N-factor

2750

:
;
&7 H
1750 2000 20p, 250 |
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Fig. 11 Transition location, second mode, W = 0, case 1: effect of
viscous-inviscid interaction.
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Table 4 Condition for EUBL mean-flow calculation, case 3

Dimensionless

viscosity law M, T, p.. Re., Pr
Composite 8 54.348 0.02616 31,250 0.72
50f _
& wf EUL1
(?8 --------- CASE2
KT S
20
1o}
0'00 5‘0 180 1‘;0 280 2;0
b/RN

Fig. 12 EULI1 entropy at wall, case 2: effect of entropy-layer reso-
lution.

X°*/IRN

25 50 75 100
T,

Fig. 13 Temperature profile, case 3: effect of composite viscosity law,
b/RN = 175.03.
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Fig. 14 Spatial amplification, second mode, ¥ = 0, case 3: effect of
composite viscosity law, /RN = 175.03.

cation Re,, for N = 5.5 is merely about 10% (Re, .. = 2625,
Re., = 9.7 x 10°), because for N = 5.5, the highest second-
mode frequencies play no role. But keep in mind that the
difference in transition location also depends on the N factor
used and on the gradients of the computed envelopes. There-
fore, investigating other flow cases may change the situation.

Case 2: Effect of Entropy-Layer Resolution

Provided that the Euler solution EUL1 is grid-converged,
resolution of a thin entropy layer as well as inviscid wall values
still depend on the amount of numerical dissipation.

Figure 12 shows that increasing the amount of numerical
dissipation in EULL1 increases the entropy at the wall consid-
erably. The same effect is present when comparing internal
energy and density. However, these properties are used as
input for the first-order boundary-layer computation BL1,
which provides the source distribution for EUL2. Conse-
quently, each step of EUBL is influenced. In this case, the
effect of increased numerical dissipation in EUL1 on the EUBL
mean flow, stability, and transition location is about the same
as the effect of neglecting viscous-inviscid interaction. Again,
transition location is shifted upstream about 10%.

Case 3: Effect of Composite Viscosity Law

From a physical point of view it seems to be more realistic
to use the composite viscosity law, because the reference tem-
perature is small. In contrast to previous results concerning
EUBL, stability, and transition location, this law is used now.
Table 4 summarizes the conditions.

The composite law changes the temperature profile at b/
RN = 175 as shown in Fig. 13. The consequence of this is
that spatial amplification rates are shifted to somewhat higher
frequencies, and that the difference between maximum values
of spatial amplification is less than 5% (see Fig. 14). As far
as transition location is concerned, negligible differences were
found.

Conclusions

Transition location for a hypersonic, axisymmetric bound-
ary layer was calculated from an engineering point of view
using an Euler/boundary-layer method, including second-or-
der boundary-layer theory called EUBL and local, linear sta-
bility theory together with the e method. As test configu-
ration, a blunt, slender cone at M., = 8 and a = 0 deg was
chosen. Both mean flow and stability results have been com-
pared with available theoretical as well as experimental data.
Furthermore, the sensitivity of the procedure was investi-
gated.

Computation of stability behavior and transition location
on the basis of EUBL leads to results comparable to those
based on Navier-Stokes mean flows. Differences in theoretical
stability results presented here are mainly caused by different
mean flows, not by different stability codes. As far as effi-
ciency is concerned, EUBL is capable of computing steady,
laminar mean flows at significantly less cost than a corre-
sponding Navier-Stokes code. The efficiency of EUBL may
be important for industrial applications.

Using EUBL, or a similar boundary-layer method, there
may be problems if entropy-layers over blunt, slender con-
figurations are not resolved properly in EUL1, because EUL1
wall values influence each step of the complete EUBL pro-
cedure. Proper resolution requires a sufficiently fine grid and
as low numerical dissipation as possible. Furthermore, the
effect of viscous-inviscid interaction needs to be considered.
If it is assumed to play no role, CPU-time requirements de-
crease further. In the work presented here, neglecting viscous-
inviscid interaction and improper resolution of the entropy
layer shifted transition location about 10% upstream.

Employing a composite viscosity law instead of the dimen-
sionless Sutherland law had less effect than expected.
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